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Abstract. Wc report on the search for periodic grav-
itational wave in themHzbaud conducted with the
spacecralt ULYSSES. Gravitational wave signals gener-
aly provide information about the distauce of the source;
ULYSSES® data have a “ken” for each kind of source
oneclooks for; for binaries the galactic centre is acces-
sible to our experiment. The Neyman Pearson method,
with its two strategies of ‘attempting detection’ and get-
ting a threshold for no detection, is carefully discussed.
We did not find significant evidence for positive detec-
tion, but established, at the 90% confidence level, upper
limits to the amplitude significantly better than previous
work. The weaker condition SNR = 1corresponds to sig-
nal amplitudes h which vary about from 3 1015 to 10" 5
from low to high frequencies. Similar results and thresh-
olds have been obtained for chirped signalsinthe linear
regime. WcC have discussed these limits in relation to a
possible, conventional binary system of blackholesin the
galactic centre as a source. Wc found that in the plane of
the frequency and its rate of increase the corresponding
region of significance is small; there wc establish for a hy -
pothetical companion of a central black hole of 2106 Mg
the upperiimit of &= 5800 Mc;.
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1. Introduction

The space probe ULYSSES has been continuously tracked
in a Dopplerinode for 28 days from February 20to March
18,1992.In addition, 23 passes (including 3.5 days of
continuous tracking) are available from another measure-
ment set about the first solar opposition; however, at that
tie the round-trip light-time 7', about 600 sec,implied
a low frequency cut off seven times larger and less in-
teresting data. A description of the experimental setup
is given in Bertottiet &. (1992), where earlier references
arc given about the Doppler method; a preliminary re-
port is found in Iess (1994). Generally speaking, the qual-
ity of the data, asdescribed by their Allan deviation
oy (1), was generally worse than the nominal target for
the experiment (o0y= 3 1014 at an integration time
7= 1000 sec); in particular, data taken at the end of the
observation period and near the opposition (at which im-
portant manceuvres aflfected the spacecraft dynamics and
disturbed the Doppler observable) were noisier and have
not been used in the present analysis, based upon data of
14 days, from day 60 to 74 (see Fig. 1).

Animportant and ncw asset of our experiment was
the usc of two different down-link carriers. in S-band
(vys= 2.293 Gliz) and X-band (r|= 8.408 Gllz); the
up-link carrier was instead at a single, S-band frequency
(vy= 2112 GHz)and dominated the plasma noise (for a
study of multi-frequency links, sec Bertottiet al. (1993 ).)
Moreover, for more than 2/3 of thetime, VLBIreceiv-
ing stations, in ltaly or Japan, in addition to those of the
Deep Space Network (DSN) of NASA, was used; the comn-
parison and the correlation betweenthese four, partially
independent, time series nave been very important inun-
derstanding and reducing the noise (see lesset al. (1987)).
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* Another Doppler experiment involving, besides ULYSSES,
GALIL KO and MARS OBSERVER (which used an X-
band carrier both up- and clown-link), was carried out for
21 days in March1993.

While ordinary binary stars have a frequency below
our band, cut off at approximately the reciproca of the
round-trip light-time 7'=¢ 4400 see, in a scenario of gener-
alized merging of galaxies, if the parent systcins contain in
their cores massive black holes, their bnnding could pro-
duce nnportant trains of gravitational waves. The Doppler
response to such a class of sources has been discussed in
Wahlquist (1987); a search in the range 30 to 2000 scc con-
ducted with the Pioneer 11 data (Armstrong et al. 1987)
has set a 90% confidence upper limit a the diinension-
less amplitude of 610-14. Anderson et al. (1993), using
PIONEEFER 10 data set up anupperlimit of 7107 1% for a
detection at SNR = 1.

Fig. 1. The daily Allandeviation o,10* af au integrationtime
r= 1000 secc for the DSN (squares) and the VI,BI data (plus

sign s); opposition occurred on day 58 of 1992. The enhance-
mentinthe last 4 days was probably due to theinterplanetary
plasma.

in the present paper par-titular care is devoted to sta-
tistically rigorous criteria to decide about our results. We
wish to avoid two errors; false alarm anti false dismissal; in
an experiment like ours, in which the probability of success
is low, we consider the former as primary. Following the
Neyman Pearson theory, we construct in tile space X of
the observable quantities (for periodic signals, the sguares
of the spectral amplitudes of the Doppler record) a subset
X corresponding t0 announcer nent of detection (with a
given false alarin probability «); this set should be chosen
insuch a way as to minimize the false dismissal proba-
bility. If the record is not contained in Xl, for any given
gravitational wave amplitude h, we construct another set,
X{§(I) corresponding to no detection and increase h until
the data point lies on its boundary. This determines an up-
per limit to the amplitude, with a given level of con fidence.
The use of diflerent (upto four) different Doppler records
although not quite independent - makes our experiment
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similar to a coincidence experiment and has allowed un-
derstanding and rejection of troublesome outliers.

The emission of gravitational waves by a binary near
the coalescence phase produces a characteristic increase
in its frequency (“chirping”), with a well defined law; the
technique to extract this specia signal from the noise have
been discussed andapplied to red data by Tinto & Arm-
strong (1991) and Anderson etal. (1993) in the case in
which the acceleration of the frequency may beneglected
and the amplitude can be considered constant. in the
present paper wc have used it, too (Sec. 6); its statisti-
cal foundations are discussed in two appendices.

The problem of the construction of adequate filters
to detect coalescing binaries has been discussed in scveral
recent papers in connection with the future interferometric
detectors (Sathyaprakash & Dhurandar 1991, Dhurandar
& Sathyaprakash 1994, Blanchet & Sathyaprakash 1994,
Kokkotas et a. 1993). Most of them deal withthe exact
expression Of the change in frequency and amplitude; our
work has the advantage of dealing with real data

2. The ken® of ULYSSES

Wide band observations of gravitational waves generally
provide information about the distance of the source. Col-
lapses emit at the characteristic frequency

kq
= — 1
S ®
and produce at a distance r anamplitude
VA @

Here c is, in order of magnitude, the efficiency with which
rest encrgy is radiated away; this quantity is uncertain,
but should lic between 0.001 and 0.01. Masses are mea-
sured in seconds. a solar mass is 4.8 usec.For an axialy
symmetric collapse Piran & Stark (1986, p. 64) have cs-
timated the constant ky between 0.035 and 0.08. The fre-
quency Of observation determines (with k1= 0.06) the
collapsing mass

1.3 10%Hz mllz
M ="~ ——Msy= 1.3107 ——— My, 3
f ©® ( f ) ® (©)
the amplitude then determines the distance
, 1 -13
ot (1) () e @
f h

The Virgo cluster is at about 15 Mpc. A search for bursts
in our data isin preparation.

For non relativistic, periodic sources we have a stan-
dard model for the emission of gravitational trains in
which the energy loss, excluding other losses, like friction

® From the Oxford Dictionary: ‘range of sight or knowledge’.
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- with a medium, is proportional to the sguare of the third
derivative of the quadrupole moment. in this case the orbit
soon becomes circular and we have a wave train of increas-
ing frequency, amplitude and bandwidth, until final coa-
lescence occurs at, say, t=: to. It must benoted, however,
that in presence of friction the eccentricity may increase,
rather than decrease, giving a signal of entirely diflerent
forin (E bisuzaki et a. 1991; Fukushige & Ebisuzaki 1992:
Veechio et 8. 1994 and other papers. ) The presence of a
dipole contribution ir the emission of gravitational waves
would also give a different signal (e. g., due to a radiating
“fifth force”, see Bertotti& Sivaram 1990).

For a dtrictly periodic signal the Doppler observable
y=Av/v is determined by a dimensionless amplitude hy
constructed with the metric and the null four-vector along
the ray and is given by the rea part of

y= (ST, 0)hy, (5)

where 7' == 2L is the round-trip light- time. In the nota-
tion of Wahlquist (1987) h, is the amplitude of 4(2). The
instrumental factor

1 — cosO

J ~ mi(14cos 8)fT _1_‘*’,995_0_--27«(517'

2
generally of order unity, satisfies O <|F'| < 2; it goes to
zerowhen f7' —+ O ant] aso when 6, the angle between
the source and the spacecraft, tends to O or n. The first
limit is required by the Kquivalence Principle, the second
by the transversal character of gravitational waves (which,

-+ cos fc

by the way, has never been tested), In the form
J :(e>ni(l-}cosﬂ)j’1' ) 1) cos 4
o (em2mIT g _lj,,;..(,),s,q (6)

the two lHmiting behiaviours are apparent: when f1' <<1
F(f7,0y==ifT(1- COS0) 40O(f1"?;
when cos @ = +(1 4 48)

mf!

FT,0) = 8|S T

2 S ?rif’J'

4-O(6%)
Note that the upper linit 2 is approached for particular
values of @near O and n and for f7' >> 1, when the three
complex numbers appearing in ¥ arc almost real.

In the conventional view (Misner et al. 1973, p.986)
the emission of gravitational wave by a binary with total
mass M and reduced mass p depends on the mass param-
eler

n = 113/5/‘42/5’ (7)

which appears both in the amplitude

m“‘/i
s 4\[2, RGOS

and in the frequency

3/8 1
mf(1) —{55‘6 ) WEI8(to _ )38 ©)

The time to coalescence fo -t and the frequency deterinine
the mass parameter.

The factor 1/2/5 in h results from averaging 47 over
the (unknown) polarization angle ¢ and the (unknown)
angle ¢t betweenthe normal to the orbital plane and the
direction fromthe source to the observer; they appear in
h} in the combination

(1 +cos”t)? cos?2¢ + 4 cos® tsin’ 2.

The largest amplitude occurs when the orbital plane is
normal to the line of sight (¢ =0 or x), with animnprove-
ment by a factor \/5/2 = 1.58 over the average.

The time to coalescence is related to the distance by

| 6 9
- - 11 fe=Ahr f* I
Ay AL (l0)
The nuinber
A > 64
™ \/10
isabout 200.
A Doppler record can be analyzed in four different

ways, corresponding to decreasing time to coalescence and
increasing distance: in going down the list we do enlarge
our ken, but at the expense of looking for sources of shorter
lifetime. (For similar constraints, sce Giampieri & Tinto

1993))

1. At small distances we can scarch for a strictly sinu-
soidal signal; for a record of length 71 (withthe ori-
gin of time in the middle) and a frequency resolution
Aj=1/Tithis requires

hdf 3 Iif 1
2dl T 16k- 1 ST (1)
or
1 16 1

- A fT < = — 12
o -- iy 3 le (12)
’l‘akmg for reference typical ULYSSES’ values, this im-
plies

16 1 _ (13)

s e (210717 (10%sce\ T fmilz\*
= ool h T 7 =

The galactic cenire is marginaly reachedat low fre-
quencies.

2. We canextend our ken by looking for a linearly chirped
signal, characterized by the parameter

if

B (14)
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it must fulfill
124 1t S 17

. - - < 5l 15
8 dt  -8- dt? -i” 64(to-1)> T (19)
that isto say,
1 16 1 2,
e L 3\/j 1y. 16
ot <3 112 53 V171 (16)
The previous ken 71 is now extended to
r < 3 7323\/7']'1 7
1 1/
= 23 - 17
2371(“]“7‘1065()C (a7)
3 If
1 1 16 1 3 .,
R L (18)

fo-t STy 31216

we can search the whole record for chirped signals with
the appropriate, non linear law. In this case there is
anappreciable change in amplitude and the ken is stall
larger:

K
r o< i'cf’f'ﬂ'l =190 r (

4 "lToreach greater distances we must use even shorter
trains, in which coalescence itself is included in the
record: this class of sources merges with the wide band
pulses. The last two cases will be discussed in another
paper.

I

10% mHz sel '

(19)

3. Criteriafor detection

We review now the detection criteria for periodic signals
(sw, ¢.g., Tinto & Armstrong 1991 ); the problem of detec-
tion with two or more correlated records will be discussed
in ascparate paper.

A strictly periodic binary system produces a peak in
the spectrum Sy (f) of the Doppler observable at twice
the orbital frequency (and its harmonics if the cceentricity
dots not vanish). A search for such peaks with a record of
length71is based upon a discrete realization Sy ( fi ) of the
spectrum, at frequencies fy spaced by 1 /71 We assume
that the amnplitudes of the spectra noise arc gaussian and
uncorrelated, with variance (S, ( fi)). The gaussian char-
acter is expected on the basis of the Central Limit The-
orem: the amplitudes are lincar combinations of a large
number of random variables, the Doppler record itself.

The normalized spectrum
Sy (fx)

Ty o= (20)

(Sy (1))

defines our sainple space X = {x,} (restricted to nonneg-
ative values), with N dimensions.In ULYSSES’ record
under consideration N a2 65, 000. 1 practice, since a sin-
gle record is available, the average spectrumn (S Jr )) is
approximated with the average over the band around fi
where the spectrum is approximately constant; indicating
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with a prime this suminationand with N’ the number of
such terms, we shall deal with

Sy(fe) _ Sy(fi)
10 SR 1 2y
Fars 7\}} y Sy(f]) 2

o? is the mean spectral amplitude, slowly varying with fre-
quency. Similarly, the amplitude ' of a sinusoidal signal
correspouds to a normalized spectral peak

P E (22)
g

Our procedure (see, e.g.,Silvey1970) aims at avoid-
ing two different errors: @) falsely declaring detection and
b) fasely dismissing detection. We procecdin two steps,
First we undertake to determine whether we are allowed to
declare detection (option A)); in this case we give priority
to avoiding error a).1f this does not succced, we look for
the conditions under whichwe are allowed to declare no
detection and thereby set up an upper limit to h (option
B}));in this case the error b) is primary.

With the assumnption that the noise is purely random
and white, the observable ¢ has the siinple probability
distribution

po(2k) =exp ( }_:.u.> 1] Potax), (23)
k k
with volume element
dVz = ]| dax
x
We have indicated with
FPo(z)=¢77 (24)

the probability distribution for a single bin. In the real case
the assumption of a flat spectrumis not quite correct, hut
this assumption can be tested with the data (see Fig. 3).
Neglecting the (siall) correlation between different spec-
tral bins decreases the probability of falsealarm;however,
since we shall declare no detection, this has the effect of
making our threshold sornewhat higher than necessary.

In option A) we shall announcedetectionif one or more
of the coordinates is larger than athreshold i, to wit, if
2k lies outside the cube C; of side &. This threshold is
determined by the requirement that the false detection
probability is a, that is to say,

1= dV¥zpo(xr) = 1 (1 —e IV = q. (25)
Ce
Since a << 1 thisis approximated by
e 1 .
Ne ™ = a+ 502 -l (26)
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In ULYSSES’ case, with N = 65,000 and o =
13.38.

In option B) we introduce in X the probability mnca-
sure pp(xr) when a signal of amplit ude F'h and randomn
phase is added to the gaussian noise; for a single frequency
it is given,interins of the Bessel function of imaginary ar-
gument Jo(2), by Rice's distribution (sec Whalen 1971 and
Rice 1958):

0.1, # =

Pa(x) = 1P o (2)e|v/r) @

1t is properly norinalized to unity. For the whole set

prla) = NL]’h(z H]o(u)~

k#j
=y e ( 2
J i

J labels the spectral point where the signal is found, as-
sumedto lie with equal a priori probability in the observed
spectralrange. Note that indoing so wc neglect the fact
thati, at a given amplitude and for giveninasses, the dis-
tance of the source increases with the frequency (eq. (8));
thus the a priori probability of a signal increases with the
frequency.

We choose to declare no detection if no spectral com-
ponent is larger than anew threshold #’, function of the
amplitude and determined by the fase dismissal probabil-
ity

/ (IN.l?])h(J,',') =
C
= fl
= (1-e" )N‘l/ dz Py(z).
0

This corresponds to the probability of a signal being
present only in the bin with largest amplitude.

In practice, for a given record, and after having care-
fully climinated al the spurious “spectra] components
whichcan be ascribed to other causes and therefore arc
not random, we set #’ equal t0 ,,, the largest of the 2i’s
and declare, a the level of confidence 1 — a,nodelection,
it the normalized amplitude 1s smaller than the threshold
[e(2")] given by the previous equation. The function

/ dePu{a) =
5./

can be written in terms of Marcum Q-function

v
1- / dwwexp [ﬁ <EU ; 1{)] Iy(uw), (30)
0

which has been extensively studied (Whalen 1971, Sec.
4.4),

c2> Io(2)ely/2j).  (28)

a(z’, |el) =

(29)

Q(V2cl, V22"

Qu,v) =
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When u :Icl\/i arid v = V22’ >> 1, fu - v < ul,
using the asymptotic expression for the Bessel function,
wc scc that most mass of the integrand lies near v, so that
1- Q <<1 aud
(1- Ne ' 4 (31)

a=(1-Q) =Q+...,

almostindependentof N. The danger of false dismissal
mainly comes fromn the biu with largest amplitude.

In this case it is convenient to map the probability «
into the normal gaussian variable s:

a(d’)le]) = v~‘[ ds’ exp(—s"2/2).

For instance, whena = 0.1, s = - 1.30. Inthat it wc
have the ‘rule of thummb’

\/é:zj’ = \/}[CI - s

iu other words, the variable v/22/is norally distributed
around the mcau v2|c|. When 3’ = 13,38 this gives
lel]= 4.58.111 both options we have chosen a simple
and practical class of partitions of X i.e, N—diinensional
cubes. However, this partition dots not quite fulfill Ney -
man Pearson criterion, which requires also tc, minimize
the risk of falsedisinissalin option A) and of false detec-
tion in option B);in principle one should consider general
partitions. Formally, in option A) let X = X. U X, where
X1isthe‘detection’ set, with

.l dNero(:rk) = a:
A\

(32

(33

inoption13), for a given signallevel C, let X = X§u X/
where X{ is the ‘no detection’ set, with

/ dN.L'ph(:l:k) = a. (34
(5

A way to construct these partitions is provided by the
Neyman-Pearson theorem. Considering first option A), wc
coustruct, for all positive numbers &,the class of sets

. Ph(2k) }
Xp =Sz >0, 2>k 35

¢ { Coler) T =
The appropriate value of k isdetermined by eq. (33).

In our case the Neyman Pearson surface
])h(ak
--------- exp (—c)p(2{c
on) = v e o2kl
(36)

x }.4 10(2|c|\/5j') =

is of interest far from the origin, corresponding to large
thresholds; aso, |e[>> 1. The function 1o(2]c|[\/z), for large
values of tile argumnent, increases exponentially with /z;
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hence we expect the sumnation in the previous equation
to be dominated by the largest coordinate z,, and be ap-
proximated by:

k' = Io(2]c] Vam)-

Since the Bessel function o increases with its argument,
hen ce with x,,,, Xk consists of a]] pointsin X for which
the largest coordinate is greater that some value z,, deter-
mined by & (and ). The complement Xk of this set is just
the cube of size 2y,,. Our choice of the “no detection set”
does not quite minimize the false dismissal probability and
will give a threshold somewhat higher than necessary.

@37

4. The data set

As explained in (Bertotti et al. 1992), the data have been
obtained using open and closed loop receiving systeins at
the DSN station and Digital Tone Extractors (DTE) at
the VI Bl antennas. The three different types of data have
been preprocessed and reduced to data sets with the same
st ructure and content (the sky frequency of the received
radio signalwith ancillary information).

The output of open loop receivers is essentially a time
sequence Of voltage samples of the down converted carrier
signal. The measurement bandwidth can be selected ac-
cording to the signal slew rate and SNR. For the ULYSSES
experiment, where the frequency drift is low and the only
rclevant information resides in the main carrier signal, the
bandwidth was chosen to thesinallest available value (100
Iz, corresponding to a sampling rate of 200 1iz). in spite
of the low sampling rate, about 6 Gb of open loop data
have been collected during the 28 days of the experiment.
The reconstruction of the sky frequency was perforined
with a digital phase lock loop programmed at an integra-
tion time of 1 sec.Dueto their superior quality, especially
at high frequencies, open loop data arc the primary data
set of the expertient.

Closed loop receivers are routinely employed by the
DSN for spacecraft tracking and radio metric measure-
ments. These data have been used as a back-up whenever
openloop data were not avail able, provided that the time
sequence had no appreciable degradation.

The Digital Tone Extractor (D7), designed and built
by G. Comoretto, measures the phase and the amplitude
of a coherent signa at the outputof aMARK 111 VLBI
receiver . The digital data stream from the MARK 111 is
correlated with a sine and a cosine waveforin generated
by the H-maser a a frequency programmed by a control
computer. The output of both mixers is then low- passed
through anintegrator to reconstruct the phase and the
amplitude of thereceived signal. The wliole system acts as
a fully programmable, real-til)lc phase-locked loop. With
the flexibility of anopen loop system:, the DTE has the
advantage of much Icss requirements for data storage.

Oncethe sky frequency have been reconstructed from
the recorded data, a careful procedure has been used to

edit the outliers, eliminate (as far as possible!)the ordi-
nary Doppler effect and the contribution of the intervening
media (Bertottiet al. 1992, Agresti et a. 1986). The or-
bital Doppler shift can be removed either using the Orbit
Determination Program developed at Jet Propulsion Lab-
oratory (Moyer 1971) or by fitting the data to a linear
combination of the SiX functions

1, t, sinwgl, coswpt, Usinwpl, tcoswgl,

where wg; isthe angular velocity of the Barth (Curkendall
and McReynolds1969).In a later paper we shall discuss
also the noise structure and compare the two methods; in
the present paper we confine ourselves to the much simpler
six paramet er fit. Note also that the separation between
the orbital contribution and the gravitationalsignal, a
least a billion times sialler, iS possible because the former
has a main part at the time scale of 1y and a line at the
frequency wg.

The second largest contribution to the frequency shift
(although a minim, times smaller, 20 to 4(1 mliz) coines
from the time-varying, elevation-dependent optical path
in the troposphere. Several models may be employed to
caibrate or fit out this effect. Wc have used adeterministic
calibration which combines metecorological data measured
at the tracking sites with a simple geometrical model due
to Black and Eisner (1984). The random fluctuations of
the refractive index of the troposphere arc believed to be
negligible at the sensitivities of the present experiment
and have never been clearly detected in our data above
the elevation cutoff.

The ionosphere produces similar, although more com-
plex, contributions. The ionospheric path delay varies not
only with the elevation, but aso as a consequence of day -
night changes of the plasma density. Although it is pos-
sible to filter out this contribution with a polynomial fit,
it is far morereliable to exploit the dispersive properties
of the ionosphere and estinate the pathdelay variations
from dua frequency or Faraday rotation measurements.
The DSN routinely provides, for each passage, a polyno-
mial interpolation of theexpected path delay alongthe
line of sight to the spacecraft. Since the raw ionospheric
data are obtained with spacecraft in different parts of the
sky, a model of thelonosphere is used. The degree of the
interpolating polynoinials isin general low (4 or 5)and,
therefore, the data can compensate ouly for long time scale
variations (about 2h). As for the troposphere, randomn
ionosphieric fluctuations should produce a negligible effect
and may be partidly compensated for in a statistical way
with the Wiener filter described below.

The interplanetary plasma is likely to be the dominant
noisc source iN the ULYSSLES experiment and therefore a
special effort, has been devoted toits reduction. We have
applied a statistical compensation procedure based on a
Wiener optimumn filter (Bertotti et al. 1993; see also Savich
1973). The filter estimates the up-link plasma contribution
near oppositionfromthe down-link contribution, obtained
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‘as a linear combination of the S and X band observable
quantities:

. Jsus - fxux

yhe T
Ji- fx

1 he employed Wiener filter is also nearly optimal for the
random noise due to theionosphere, which is therefore
reduced. An overall reduction of the Allan deviation of
about 30%0 of the Allan deviation hasbecn obtained at
long time scales (500 to 1000 see).

We have considered only a time sequence of 14 days
(see Fig. 1) and based our analysis on the S- and the X-
band phases of:

the DSN data for 67 % of the tota time;
the VL.BI data for 63 % of the total time.

The S-band was always noisier than the X-band. The
VLBI data are always available in conjunction with si-
multaneous DSN data. kach record consists in a sequence
of numbers ¥(1i), with sampling time At of 1 sec for the
SN record, 0.4 and 0.25 sec for the DTE at Medicina and
Kashima, respectively. Although the tracking has been
coutinuous from al DSN complexes, it has beenimpos-
sible to usc open loop receivers at the Deep Space Station
(DSS) 12 at Goldstone, which were scheduled to start op-
cralting on day 64. Because of their larger noisec at high
frequencies, in general wc have not used closed loop data;
the gaps in the DSN data are mostly due to this reason and
not to poorer performance. The data have been omitted
when a poor stability could be traced to hardware mal-
function, spacecraft man oeuvres or bad weather. Since
there was no coverage in correspondence to the Goldstone
passages, thee VI Blsequenceshows gaps of about 8 hours
every clay, so that the two time sequences (DSN and V1. BI)
almost overlap. Also we did not include data acquired at
elevations below 15° for reception a a different station
(three way) and 20° for reception at the same station
(two way). Theremoval of the orbital Doppler shift in
short three way passages has been done with the Orbit
Determination Program.

Unfortunately the spectra arc corrupted by the rota-
tion of the spacecraft, with nomina frequency 1/12 Hz,
and its variation; this produces directly or, through alias-
ing,indircctly, many strong lines above J2=5 10 %Hz.1t
is interesting to note that the analysis of these lines pro-
vides accurate information on the attitude of the space-
craft and its rotational motion (less and Arduini1994).
Wc have confined our analysis to the band between fi=
2.310-4 Hz = U7 and 2, including about

(38)

N = f»71=65,000

spectral bins of width 1/71= 83 107117,.

While1/7} is the best frequency resolution attain-
able with a discret e Fourier transfori n, one wonders if,
for theonly sake of determining whether alineis present,
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a coarser spectrum provides a better alternative. The an-
swer isnot obvious: whilethe averaging depresses the sig-
nal, by diminishing the number of degrees of freedom of
the noise, it aso unpairs its possibility of simulating large
spectral lines. With an anaysis of the false aarm prob-
ability on an averaged spectrum we have confirined that
this is not the case.

5. Threshold for periodic signals

Fig. 2 confirms the expectation that the spectral ampli-
tudes have a gaussian distribution, except for two outlying
lines. in the observed distribution of occurrences of the
DSN time sequence the lines that lic above the threshold
I = 13.38, corresponding to a = 0.1, or 90% confidence
level, occur at the following frequencies and normalized
amplitudes

1. 1.6659010-2 Hz, 16.1;
2. 3,3333910-2 H= 13.5;

Their expected number of occurrences Ne™™ in a sample
of 65,000 bins is, respectively, 6.6 103 and 8.9 1072, They
deserve attention as candidate signals.

However, none of these lines can be attributed to grav-
itational waves and detection (option A) isnot attained.
Indeed, the VLBI time sequence dots not show any outlier
of this magmtude and any coincident power enhancerment;
indeed, the normalized amplitudes a these frequencies in
the VLBI power spectrum arc 1.1 and 3.8. Thenature of
these line is not yet fully understood. A possible expla-
nation, that needs however further investigation, could be
the aliasing of strong high frequency lines duc to therota-
tional dynamics of the spacecraft. Since the final Nyquist
frequency for the DSN record was lower than for the VLB
data (the sampling timne At was set at 0.25 sec at Kashima,
0.4 scc a Medic.ina and 1sec for the DSN open loop mea-
surements), all rotational lines that liec between 0.5 and
1.25 Hz arc aliased ouly into the Nyquist band of the DSN
measureinents, while are correctly filtered out inthe DT'E
data processing. However, one cannot exclude an instru-
mental origin.

Following option B,wethen look for upper limits to
the signal amplitude. The simpler way to estirnate the
maximum am plitude of a signal hidden inthe noise is to
consider thelo detection level, i.e. to measure, for each
frequency, the spectrallevel corresponding to a normalized
amplitude 2 = 1. Such a line would give rise to a false
alarm with probability 1/e= 0.37 and, therefore, about
37% of thelines would appear a a higher level. This level
corresponds roughly to a signal with the same magnitude
as the noise (SNR ==1). The one-sided power spectral
amplitude is related to the dimensionless amplitude h of
asinusoidal gravitational wave through tile relation (see
cg. (5) for the definition of /)

r

D= T Lo 2 ) (39)

rigen oy n




This quantity is plottedin Fig. 3 for the DSN (lower
curve) andthe VI.BI data (upper curve), with the generic
value 1 for the (unknown) instrumental factor |F|. AS ex-
pected, the sensitivity of the VLBI data is worse at high
frequencies, due to the smaller size of the antennas and
larger thermal noise. One may conclude that, using the
smoothed spect rum as a figure of merit, the sensitivity of
the ULYSSES experiment varies from about 310-15 at
low frequencies to 1015 at high frequencies. The experi-
mental curve can be fitted with

h(f) = 310715(f/Hz)" 0%, (40)
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However,the analysis of Sec. 3 and cq. (32) inpartic- _

ular, shows that signals up to about 4.6 times this level
can be hiddenin the data record, without giving rise to
detection, at the 90% confidence level.

‘ig. 2. The histogram of the dimensionless spectrum (ccl. (20))
confirms its gaussian character. Squares and plus signs refer re-
spectively to the DSN and VLBI time sequences. The outlying
points are discussed inthe text.

6. Chirped signals

We confine ourselves to linear chirps (eqs. (14) and {1 5)),

asimple generalization of strictly periodic signals which
is free from any assumption about the prevailing energy

loss (or gain!) of the binary system. (However, wc have
implicitly assumed an amost circular orbit; note that the

dynamical friction with the background may increase the

eccentricity (B bisuzaki et al. 1991; Fukushige et al. 1992; 7y - < —.

Vecchio et a. 1994).)

The method, as developed by ‘I'into and Armstrong
(1 989), consists in multiplying the record y(t) by G(1)=
exp(--mift?) - which changes each frequency attherate 3
- and considering the spectrum of the product y. (t, 3)=-
(1) G(t). The allowed range of 3 is determined by the
requirement that the (positive) frequency stays within the

Fig. 3. Equivalent dimensionless amplitude of the gravita-
tional waves obtained from the DSN (solid line)and VI, Bl
(dashed line) time scquence. The spikes inthe DSN data arc
discussed inthe text.

band (f1, f2); denoting with f the frequency in the middle
of the record, this means:

2~ ) <TiB <22~ ). (41)

The frequency resolution 1/71 entails the best possible
resolution 2/77 for 3; this gives inthe (f,715)plane a
total of

Ne=(f2 - N)*1f = [317 = N?

available points.

Physical arguments restrict the relevant domain fur-
ther. 3 should be positive, corresponding to an encrgy 10ss.
If the loss is duc to gravitational waves, another constraint
comes from the neglect of any acceleration in frequency;
to wit, tile frequency change between the middle and the
end points of the observation run must be less than the
frequency resolution 1 /7%:

1718| < 8.

Since the frequency changes like 1/(fo - 1)%/8, the braking
mdez (well known in the theory of pulsars)is

Af11
Y

(42)

and hencg as also noticed by Tinto and Armstrong 1991,

3
;o (43)
Numerically this reads
B <1.1 107°\/f sce 1122 (43)

A lower limit would be obtained analyzing together two
runs separated intime.
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The relevant domain is dividedin two frequency ranges
by the frequency f*, where

.hf*'

211(f2 - ) = (T

Since 711.f2 >>1 we obtain

gy [P
I \/“

not very diflerent from f,. We can now evaluate the total
number N/ of relevant points in the (f,713) plane a the
maximum resolution. The first interval prevails and gives
2 [6 )
N! = \/ (11 f2)%? = 8 10°. (44)
3V 11
If the chirp is caused by gravitatioual waves, the de-
modulation of the signal should produce three lincs in the
power spectrum, at frequencies

i, f- /3,1 j ,,.fiof_g :

[- 8T

(Tinto and Armstrong 1991). These lines can be resolved
only if 811 > 1; since the rate is limitedby (43), this is
impossible if

GM v 7

2y <L (45)

Inour case this number is 0.4.

The multiplication by G(t), of course, does not change
the gaussian character of the variable; moreover, since
|G (1)] is constant, y.(t,3) is obviously white if so is y(t)=
¥e(1,0) (Ilow’ever, in the non linear regime the change in
am plitude will add colour the spectra. ) Hence the normal-
ized spectra of the noise, z. 1 (8) = |y, (9)|?, for a given
3, are still uncorrelated and exponentially distributed ac-
cording toeq. (24); but tile amplitudes for different 3’s
are correlated.

For a simpler formalisin we take the quantity y.(, 3)
(and, of course, y(t))alrcady (in the average) whitened
and normaliz cd; then inthe average

(v y(t)) = Thé(L - ¢')
and, for the complex T})L]?LLralamplitudcs

d

(yzyh) = 6kh<17k) =

For the chirped variables

dty(l) exp(-—2mifit),
h/2

Y =

Y=
-

bnk .

(et Dye(t', 3)) =116 — ) exp[~in(8 — #)t2]) (46)

and,taking the Fourier transform
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CASf,AB) = ( k(Byen(8)) =
7,1?
= 1 deexpl- 2t af - ini2ag), (47)
7 \r /e
with
Af=fe-fu. DBz -

This is the required correlation function for the spectral
amplitudes in the (f, 713) plane, with the correct be-
haviour when A8 = O. It is normalized to C(0, O) = 1
clsewhere |C{A f, AB)| < 1. This corrclation function
determines the (gaussian) probability distribution w( y.)
for the noise in the space of the complex amplitudes
Y = {yer(B).

We look for the value of g - cal it 3 which makes
max {z. x(8)} largest and take it as the candidate for the
‘true’ chirping rate. The data space Y has now a much
greater nuinber 2N, of dimensions than before; the noise
has a greater chance of simulating the signaland we ex-
pect @ higher threshold z, for false alarm.The rigorous
answer to this question entails integrating w(y.) over a
Ne-dimensional cube, a seemingly iinpossible task; we use
instead a heuristic method.

The total nuinber of effectively independent modes
Ne et = NNg eris the product of number N of frequency
bins and the number Ng ¢ 0f the effectively independent
modes for the rate, or the number of independent intervals
in rate; C(0, B2 — B1) issmall if Brand 8. lie in different
intervals. Thisnumber has also a practical importance: it
gives the largest spacingintherate

Ap B = ) Qf')

VB et

we need for areliable numnerical calculat ion. This suggests
that Neom= NNg e iSrelated also to the stability of the
numecrical calculation of the largest amplitude.

Both questions can be addressed with numerical sim-
vlations. Wc have gencrated a large number & of realiza-
tions of a gaussian, uncorrelated time sequence y(1) and,
for cacti of themand for al the avaiiable values of the
rate, constructed the coordinates |y. 1(8)]? = z. x(8) of
the corresponding point I' inthe space Y and evaluated
their maximuma,, for each spacing

When Ng increases we expect first the average (2, ) over
different realizations to increase proportionally to In Ny
(see eq.(206)); whenthe correlation between neighbouring
values of g issignificant,{z,,) should rcach anasymptotic
value. The mumerical simulations confirm this. The curves
are flat when Ng~ N, corresponding to ApB = 2/T%.
Npait can be estimated as the abscissa of the knee inthe
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curve (see F'ig. 4). Of course the position of the knee and
Ng eit depend on the length of the test scquences; we es-
timate

N[}’Cﬂ‘% 03 A'. (48)
Inthe first interval we expect (eq. (26)) {zm)=In N +
In Ns;indeed the three curves inkig. 4 differ by ~In 2.

For cach spacing in B we have aso counted the nuinber
K () of times the point P lies outside a cube of side z.
The false alarm probability is then

N (&)
& A )
We canrelate the two sitnulations as follows. Eq. (24),
which refers to independent spectral amplitudes, provides

their number N iu terms of aand £; we use the same
expression to define, in general

(49)

[4 3=

, In(1 - o)
Newr = In[l1 - exp(~1)] (50)
As the threshold ¥ increases, we expect that this num-
ber tends an asymptotic value, which we take to mneasure
the effective number of degrees of freedom of our corre-
lated gaussian variables. This expectation is indecd con-
firmed (Fig. 5) and the asymptotic value is about 0.3 N,
inagrecment with the previous estimate. From Fig. 5 we
aso see that the ratio Neg/N? is roughly independent on
the length N of the test seguences.

If a gravitational wave signal

hoexp(27 fit 4 inBit?)

is present a the (unknown) ‘true’ frequency f; and ‘true’
rate S, it gencratesin the appropriate (f, 371) region the
response

WO = foo B = Bo),

generally different fromn zero (except for g = j3;and
[ # ft). This is the signal we must look for. In Appendix
B we study the shape of this response; in Appendix A
we show, according the Neyman Pearson theoremn, that
zy, = maxg{maxy{z. x(8)}} is indeed the correct vari-
able to compare with a threshold.

We have analyzed the DSN and VI.BI time sequences
with this method. Figure7 shows the two histogramns
of the probability density function for the dimension-
less amplitude #; each of them has been obtaining by
combining the different. histograms obtained for different

(positive) values of the rate 8. About Ng= 700 dif- ..
ferent, equally spaced values of g have been used, from

By =32910713 Y272 = 1/(277) to By = 2.40107 10 15~ 2.

Theupperlimit is given by the linearity condition (43). f

Fig. 4. Theeflect of the changein rate resolution Afx 1/Np
onthe largest mean amplitude {xy, ){givenin the ordinate) in
anumerical simulation;the knee corresponds to the effective
number of degrees of frecedom intherate. The three curves
show also the effect of varying thenumber N of data points
used in thesimulations from 2048 (upper curve) to 1024 and
512 (lower curves).

g. 5. The result of a numerical simulation to evaluate the

effect of the chirping variability on the false alarm probability:

in the ordinate we plot Ngeq/N (eq. (50)), wh e
raction of the indcpcndcnt%arucs gf 1/3,( a:g)avlvuncnon O?

N the

ich, giv
g the

The sinoothing frequency interval for the computation of threshold.
the normalized amplitude (eq. 20) was chosen equal to
21071z, ie N' = 246.




B.Bertotti et al.:-Search for gravitational wave trains with the spacecraft ULYSSES 11

Inthis domain the DSN sequence has the iargest value
of ris18.91, a 8 =1.38107 112> =- 1.19u Hz/d and the
frequency (in the middle of the record) 1.998510-2 Hz.
Unfortunately the frequency rate is too low to resolve the
triplet of lines predicted by the theory (eq. 45). Inadata
set with about N. . =- 0.3 x 700 x 65, 000 = 1.365107
degrees of freedom the occurrence probability of this line
1s8.3610~?; the factor 0.3 has been obtained with the
numerical simulations (eq. (48)). The probability for the
second largest line, at » = 18.40, is 0.14, below our 10%
threshold for false alarin. The statistical significance of
thechirpat 2 =- 18.91 is enhanced by the VI Blsequence;
indeed, at that frequency and rate we find a line with
2 =1]1.39,with a probability 1.1 107 Although the two
sequences are partialy correlated, it is unlikely that this
line is due to chance.

A more careful analysis shows, however, that the chirp
is probably duc to instrumental effects. We have generated
six subsets of the IDSNand VI, BI time sequences. in each
of them al the data related to onc of the three DSN con-
plexes have been substituted by zeros. It turns out that
the chirp disappears only in the time sequences (DSN and
VLBI) in which the contributions from the Madrid coin-
plex have been edited out; indeed, at the suspect frequency
and rate we find normalized amplitudes of 2.32 and 1.19.
No significant enhancement was found for adjacent values.

On the basis of these results one may exclude a gravi-
tational nature of the signal. A similar instrumental chirp
was found in previous experiments (Anderson et al. 1993),
although related to the Goldstone complex and with a
much larger frequency drift. It would beimportant for
future experiments and interesting in itself to trace their
origin.

Fig. G.llistogram of the dimensionless spectrum for thelin-
early chirped case, for the DSN and the VI, BI time sequences.
The two lines at » > 18 arc found in the DSN data and dis-
cussed in the text.

7. Conclusions

It isinteresting to apply these results to the galactic cen-
trc, where, at r= 10°pc =10'? scc, a massive black
hole of mass up to ~ 2 10° Mgy is likely to sit (Genzel
& Townes 1987, Blitz 1993 and other papers). Note that
our detec tor had a favourable orientation (¢ & 1090). In
this section WC use as units Hz and Hz? for the frequency
and the rate, respectively. From eg. (8), the expected am-
plitude from a binary system with a period 2/j at the
galactic centre looks encouraging:

5/3
ho=8.710713 (1—017)11) (f 1000)'/3;

however, the data are significant ouly in a very smallre-
gionin the (f, 8) plane.

In tile linear chirp regime, trrespective of the masses,
the time to coalescence is deterinined by the frequency
arid the rate:

(51)

3f
lo~t= 5%
0 85’ (52)
hence (eq. (10)) the amplitude is given by
83 15 B
h=—"— =62 107"
YT Ar IE 02 3 &3

AtSNR =1 a source canuot produce a _line stronger than
our mecasured amplitudes o f) = \/‘qu(f)/rjlb Since our
data, even in the chiirped case, arc well represented by eq.
(40), namely,

h(f) = 310-16 f~ /4,

they arc relevant only in the region

(407)

218 > fHie, (54)

On the other hand the linearity condition (43') places
an upper bound to the rate and restricts theregion to a
very small triangle near the lower cut off fi= 2.3 10*
Hz. At this cut off thesignificantinterval for the rate is

4710712 < < 1.6 1071,

the lower bound (54) grows faster thanthe upperbound
(43) and mcets it a the frequency j' == 410-'4, less than
twice j,. Only in this region (at SNR= 1) wc are alowed
to constrainthe mass parameter with cg. (51), namely

m < (h10'*)3/5(1000£)~%/%17, 000 Mg, (55)

At the lowest frequency Jfithislimit for m is about
60, 000 Mc,. If one of the two masses, Afy=:y, ismuch
smaller than A4, fromegs. (7) and (55) wc get

“:,"5/31\/]—2/3< 5800 Mc,. (56)

The time to coaescence, of the order of a few years,
is so low that such ahypothetical source does not nave
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Fig. 7. Therelevant regions of the(f,3) plane. Data are avail-
able below the upper curve (and in the symmetrical region for
negative rate. For @ source in the galactic centre the condition
SN R == 1 can be fulfilled only above the line b; the lincarity

condition (43’) restricts the data below the linca.

much astrophysical value. Atthe orbital period 2/f1the
senl major axis is €SS than 1 AU. This result was not
known whenthe report less (1994) was written. A search
in ULYSSES data for non linear chirps (case 3. of Scc. 2)
will extend the analysis above the line b. We expect that,
at SNR =: 1, asimilar bound for the mass parameter will
be obtained; however, a for a given level of confidence, thc
enlargement of the region in the (f,3) plane will increase
the threshold.

A fcw genera] remarks arc in order. The precise the-
oretical description of the sources embedsin the gravita-
tional wave data much information about the sources and,
whena positive detection is attained, makes them a pow-
erful 1001 of research; vice versa, however, if detection is
not attained, it makes more difficult to place constraints
on tile possible sources. The assumption of linear chirps wc
have made should be waived; of course, however, this im-
plies a shorter lifetiine and more improbable sources. Also,
the importance of attaining lower frequencies of observa-
tion cannot be stressed too much. The search for wave
trains in ULYSSES data would bemuch more eflective for
sources nearer than the galactic centre (see Sec. 2), but
we did not pursue this exotic path.Finally, as stressed
in the pioneering paper by Braginsky and Thorne (1976),
tile Doppler inethod seems best suited for the search for
wide band pulses;in a subsequent paper we shall present
this analysis of ULYSSES’ data, which should marginally
reach the Virgo cluster.

‘1'his expreriment marks noti ¢ eable ad vances in the
Doppler search for low frequency gravitational waves; ex-
ploiting the Jong record and using several (up to four) ob-
servable quantities, remarkable progress has been made iu
tile sensitivity andinunderstanding the noise structure,

PLILLL T, alv it ivipiayvivativiial wavoc viatirng witil vl

TP LAIL V4 D el

More importantly, while in previous papers on Doppler
detection the main emphasis was in increasing the sen-
sitivity, here, due to the large number of spectral points
avail able, we nave been able to draw definite conclusions
on the relevant astrophysical sources and,therefore, to
assess the limitations of this technique.

From the instruinental point of view the main limita-
tion of ULYSSES' experiment was the usc of low frequency
carriers, in particular in the up-link. This prob lem will be
solved with the CA SSINImission (to be launched in De-
cember 1997) to Saturn, which will usc .X- and K,-band
in both links (Comoretto et al.1992).In order to achieve
still better performances in the mHz band, which could
ensure successful detection according to conventional as-
trophysical expectations, a dedicated mission, using long
baseline interferometers, is probably needed.

APPENDICES

A. Determination of the threshold
for a chirped signal

As explained in Sec. 3, in order to minimize the fase dis-
missal probability, wc should construct in}’ the ‘detection

set’ Yy, with
/ dycw(ye) = «,
Yy

in the following way: if ws(y)isthe probability distribu-
tion of the observable quantities when asignal is prescnt,
among the surfaces

[AD)

wi(y)

S (4.2)

= const,

wc choose the onc which fulfills cg. (A. 1). We show that,
because of the relation betweensignal and correlation, this
is essentially the same problein as in the case without
chirp, eq. (36).

In order to concentrate on the mathematical structure,
let the index m =(/f, 3) stand for the coordinates in their
appropriate ranges; taking71=1, f isanintegerand 3 is
an even integer. Accord ingly, write Chp,y, (With Cpypyy = 1)
for C{Af,Ap) and y,, for y.x(3) (as in Sec. 6, the noise
amplitudes are assumed to be white and normalized. ) The
‘true’ pointist=(fy, ). The probability distribution for
the noise is

w(y) o c- 4,

where

q= Z Y @mn¥n ;

mn

the hermitean matrix Qumn(-hn) is the reciprocal of
the correlation matrix

(U Yn ) = Con= (Q~ ! D - (A.3)



The response to asignal of complex amplitude n is just
hCyiy, so that Inthat case y,,, — hCp,: is gaussian, with a
probability distribution

wp{y)oce” ™ ;

here

= }:(ym - hCm:)*an(yn - hChy).

mri
The fact that the response function is just the correla-
tion maltrix makes things simple and, because of eq. (A.3),
leads to

= q~ Ry — hy; + |h|%
Y IS the observed ampiitude atthe ‘true frequency and
rate. In computing the ratio (A.2) o< exp(2]h||u| cos v) we
must now average over the (unknown!) relative phase of
the wave x and obtain,similarly asin Sec. 3,

Lz c\p( 'hl )10 21”“1/3!

We see that the level surfaces, and hence the strategy of
decision, depends only o11 the sie Of the largest spectral
amplitude produced by the signal, 1|,

If both the frequency and the chirp rate have equal
a priori probability, we must also average, with uniforin
weight, the probability w(y) over all vaues of 1, obtaining
the same equation (36) as before. With the same approx-
imation we take the ‘detection sct’ to be the complement
of the cubein the space of the normalized spectra, with a
side # is determined bythe confidence Ievel.

B. The correlation function for the chirped vari-
ables

We have estimatedtlic correlation] function of thechirped

noise data
C(AS, AB) :—/
-1/2

If 7%, the duration of the record, is the unit of time, f and

#/2 arc integers (generally very large) in the domain (41).
By completing the square in the exponent, this func-

tion canbe evaluated interins of Fresnelintegrals C(z)
and S(z), with

VY R
£(2) = C(2) +15(z2) >,/0 duexp (1211,)

(Abramowitz & Stegun 1965). This is an odd function of
the complex variable z, with the asymptotic expression

E(z) = L;_f - }1 exp (if )40 ( ) .

We obtain:

C(Af,AB) == exp (m»(r—]i)ﬂ) - Jﬁ; [F(uy )+ Flul)],

1/2

dt exp(—miAGt? — 2miAft). (1. ])

(13.2)

(13.3)

with the arguments

[ an [

When A8 =- O we recover directly from eq. (13.2)
Caf,0)=
C(Af,0)= 1 it Af=0.

Consider now the expression in the square bracket of
eq. (B.4) in the general case, iN which both arguments of
the function (z) arc large. “Jhere arc two possibilities. If
{AB]>> |Af|the two arguments are almost equal and the

sguare bracket is amost 1 -t ¢, twice the asymptotic value,
yielding

Oif Af# O;

C(ASf, AB) = \/]%73 exp (mﬁifﬁ)',> , (1.5)

with fractional corrections of order A f/(AB3)%/2.
Instead, if |Af] >> |A3|, the two Fresnel exponentials
almost cancel andthe square bracket reads

E(z +62) - B(z =~ 62)=

S wi&nz’/? [(1 _ éz> Ciwzéz _ (1 + éz> e—-inzéz] ,
mTe z 2

Since zé6:=Af is an integer,
e™ 82 9isin(zAf)= ©

cinzéz _
and
enrzéz + e—nrzéz - QCOS(WL\f) - 2(__ )A]

Therefore

2162 %
NE O — a . 02
E(z+ 62) — E(z -~ 62) = (-) 5 €Xp (252 )

me
and hence, from eq. (B.4)
1IAfB
(&)
In both approximations the phase of the correlation func-
tion changes very rapidly from mode to mode.

C(Af,AB) = - S8 (B.6)
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